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The Stress State of a Point

* The stress state at a point

- 1S defined as the collection of the stress distributions
on all planes passing through the point.

- can be analyzed via the stress distributions acting on a
differential cube, arbitrarily oriented with reference
coordinates

» Method of differential cubes with:

- Infinitesimal side length
- uniformly distributed stress on each of the six surfaces

- equal and opposite stress on parallel sides



Stresses on Oblique Planes

' » The stress distribution at
F o A [r— -
| a point depends on the
plane orientation along
. i which the point is
examined.
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Examples of the Stress State of a Point
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Stress Under General Loadings
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« A member subjected to a general

combination of loads is cut into
two segments by a plane passing
through a point of interest Q

e The distribution of internal stress

components may be defined as,

oy = lim AR
AA—0 AA
Ay AV
= AIAITO M T AIAITO AA

For equilibrium, an equal and
opposite internal force and stress
distribution must be exerted on
the other segment of the member.



General Stress State of a Point

Y

o AA i Ty AA
IV
o, Az

TWA*'\ -~ (| —>

Stress components are defined for the planes
cut parallel to the x, y and z axes. For
equilibrium, equal and opposite stresses are
exerted on the hidden planes.

The combination of forces generated by the
stresses must satisfy the conditions for
equilibrium:

SF=YF, =>F,=0
ZMXZZMy:ZMZZO

Consider the moments about the z axis:
> M; =0=(ryAA)a—(ryAA)a

Tyy = Tyx
similarly, 7y, =7, and 7y, =174

It follows that only 6 components of stress are
required to define the complete state of stress
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Principal Stress State of a Point

 The most general state of stress at a
' /4 point may be represented by 6
/Q ~ components,
N Ox,0y,07  hormalstresses
\ Tyys Tyz» Tz Shearing stresses
' o j’*" (Note: 7yy =Tyy, Ty; =Tz, Tox =Txz)
/< Q a, « Same state of stress is represented by a
/ ) >/ different set of components if axes are
| /\ rotated.
"\ l « There must exist a unigue orientation
(Principal Directions) of the
A differential cube, having only normal
v stresses (Principal Stresses) acting on
S =1 each of its six faces.



Ordering of Principal Stress State

O . = O,

max — nter — Gmin

~
0,20, 20, |

01
Principal axes & stresses

» Stress states classified based on the number of zero principal
stresses:

- Tri-axial stress state: none zero principal stresses;
- Biaxial stress state: one zero principal stresses;
- Uniaxial stress state: two zero principal stresses;

10



On the Damage Mechanism of Materials

« Damage (fracture) of brittle materials is governed by the maximum
tensile stress

« Damage (yielding) of ductile materials is governed by the maximum
shearing stress

» The goal of stress state analysis is to determine the
surface/orientation on which normal/shearing stress achieves the
maximum values.

« Strength analysis can be subsequently performed in terms of the
maximum normal/shearing stresses.

11



Plane Stress States

« Plane Stress - state of stress in which two
faces of the cubic element are free of stress.
For the illustrated example, the state of
stress is defined by

Oy, Oy, Txy and o, =17, =7, =0.

» State of plane stress occurs in a thin plate
subjected to forces acting in the mid-plane
of the plate.

» State of plane stress also occurs on the
free surface of a structural element or
machine component, i.e., at any point of
the surface not subjected to an external

force.

12



2-D Cauchy’s Relation

e Cauchy’s relation:

0= ZF t AA = 0, AACOS 6+ 7, AASIN @
0= ZF t,AA=17, AACOSO + o, AAsInG

t—0'n+rn

T, \1

t—rn+0n

Xy ' X

o Tyx :><t =0,5,N; =0,,N,
kt—ncr G-N

* Principal stresses & principal directions
[l=0-Nn=0on
=(6—-0ol)-n=0
O, — O T n
— X Xy 1l _ 0
{ by Oy _Gan} {O}
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Sample Problem

 For the state of plane stress shown, determine the principal stresses

and principal directions.
 Solution 1. Principal stresses

10 MPa

50— 40 ](n] [0
Lo [ -
: 070 A0 02 (50— 0)(~10— ) ~1600= 0
50 MPa 0 -10-o

= 0° - 400 -2100=0= 5, = 70,0, = 30
2. Principal directions

I R P BN R
| o v
e avnling 1ol =L nfin) 1o === Yf




Plane Stress Transformation

 Consider the conditions for equilibrium of a
_—r prismatic element with axis perpendicular to
XYy
| oan the x, y, and x".
V. SFy=0=0¢AA—o,(AACOSO)COSH —7yy(AACOsO)sing
—oy(AAsIng)sing -7, (AAsinf)cosd
> Fyr = 0= 17, AA+ oy (AACOSO)sinG — 7y, (AACOSH)cosd
— oy (AAsinG)cosd + 7y, (AAsing)sing

y'

o, (AA cos 6)

T,y (AA cos 6)

Ty (AA sin 6)

a, (AA sin 0)
» The equations may be rewritten to yield
_|_ —

cos” @ = 1+cos2¢ o, = %9 Ox 9 cos26 +r,,sin 26

2 2 2
Sinzgzl—COSZH rx,y,z—GX;Gy sin26 + r,, €0s 26

2
sin26 = 2sin & cos (9—>9+%>
cos 26 = cos® & —sin® @ o,+0, 0,—C

o, = — >€0s20 —7,,Sin20
2 2 15




|

Plane Stress Transformation — Alternative Way

coseé sind || o, T,
—-sing cosé@ || 7, O,

o,to, o0,—0

O,

X

T

X!yf

Txly! }
Gy,

+
2

O,—O

X y

> C0S 260 +7,,5in 20

sin20 +,, C0s 20

cosd sind]
—sin@d cosd

O,—O

X

y

sin260 +,, C0s 20

— O

> C0s 26 —7,,5in 20
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Mohr’s Circle

D

Omin

(rlllill

» The previous equations are combined to

yield parametric equations for a circle,

o,+o, o,—C
GX,_ -
2

*C0s26 +17,,5in 260
P>

O O )
7., =——Ysin20+1. cos26
X'y 2 Xy

(o,—0

2
2 5 oo _o,to, _  |fo,—0, )
ave) + Ty =R%, o, = > R= > +7,

Principal stresses

GX—Gy .
O=7,., =— sin26+r,, cos20 =
X'y 2 Xy
o,+0 o} o} ?
_ X y X y 2
Gx’_aaveiR :>O-max,min_ 2 i [ 2 j—l_z-xy
<
T
tan 260, = 2l
\ (O'X—O'y)/Z

Note: defines two angles separated by 90°

It is hard to predict which of the two angles results
In the maximum/minimum principal stress.
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Maximum Shearing Stress

Ty’

Maximum shearing stress occurs for

*c0s20 +1,,5in 20

o,+to, o0,-0
GX’_ 2 —
O,—O .
7., =——Ysin20+r. cOS26
Vo Xy 2 Y

an2g, -7~ %)/2

Txy

tan260,tan 260 = -1

offset from &, by 45°

Note: defines two angles separated by 90° and
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Construction of Mohr’s Circle

Tey

-

X(o,

O-min

1, \

|

y ‘ O min

X :
O nin

o,t0, x ~Oy .
o, = + cos26+t,, Sin 20
2 y
o,—0, .
T,., =— sin260+ 7. cos26
Xy 2 Xy
O, +0
_ 2 o X y. o
(GX,—O'ave) +7,, =R, o, = o R=
_o. +R, tan20 =—
Gmax,min _O-ave — 'Y an p

(O'X—Gy)/z

,—_Tx,) ) . )
"« Two options for plotting the diameter XY

=0 y

O=rn/2 =o,=0,1,,="T

{X (GX,TXy),Y (Gy,—TXy )}

or {X(ax,—fxy),Y(Uy’Txy)}

= 0y =0, Ty, =7

Xy

« The second way is typically chosen, such

that the direction of rotation of Ox to Oa is

the same as CX to CA. 19



Construction of Mohr’s Circle

the state of stress at other axes
Y/Q\ orientations may be depicted.

with respect to XY.

» Normal and shearing stresses are
obtained from the coordinates
XY’

20 X » For the state of stress at an angle
S — with respect to the xy axes, construct a
new diameter XY at an angle 26

« With Mohr’s circle uniquely defined,

20



Construction of Mohr’s Circle

« Mohr’s circle for centric axial loading:

O min




Sample Problem

10 MPa

= 40 MPa

50 MPa

For the state of plane stress
shown, (a) construct Mohr’s
circle, determine (b) the
principal planes, (c) the
principal stresses, (d) the
maximum shearing stress and

the corresponding normal stress.

7(MPa))

Y
Y
40
G (@ F A o(MPa)

Solution:
* Construction of Mohr’s circle

+ _
Cave = 2x 5 i (50) +2( 10) =20MPa

CF =50-20=30MPa FX =40MPa

R=CX =+/(30)? + (40)? =50MPa .



7(MPa))

* Principal planes and stresses

Omax =0OA=0C+CA=20+50
Omax = (OMPa
Omax =0B=0C -BC =20-50
Omax = —30MPa

P an0g _ FX _40
" CF

o= 70 MPa 30
‘ 20, =53.1°, 233.1°

o,... = 30 MPa

min

0, = 26.6° 116.6°

23



g,

min

Maximum shearing stress
Os = 0p +45°

Tmax = R

0, =71.6° 161.6°

U

o'= 20 MPa o'= 20 MPa

¢

TmzL\

= 50 MPa

o, 70 MPa

max

Opin = 30 MPa

min

,_
O =O03ye

o' =20 MPa

24



Sample Problem

I
f 60 MPa

‘ 100 MPa
4

‘ 48 MPa

For the state of stress shown,
determine (a) the principal
planes and the principal
stresses, (b) the stress
components exerted on the
element obtained by rotating
the given element counter-

clockwise through 30 degrees.

7 (MPa) )
... = 80 MPa
X(100, 48)
O B A o (MPa)
A
T —
Umin :_ 55 MPI
98 MPa | |
Y (60, —48)
Foax = 132 MPa—>
Solution:

e Construct Mohr’s circle
_|_
Ox TOy :100+60 _80MPa

O =
ave
2

R=+(CF ) +(FX)? = /(20)? + (482 =52MPa
25



T (MPa) )

Tave = 80 MPa

s
o

X(100, 48)

}
O nin — Tm =
min ] 52 MPa'
28 MPa *
Y (60, —48)
s = 132 MPa——>

max

* Principal planes and stresses

tan20p:£:4_8:2_4 Omax = OA=0C + CA
CF 20 ~80+52

Omax = +132MPa

6y, =33.7° clockwise

—_— \
O B A o (MPa) *

Omin — 28 MPa

o, = 132 MPa

max

T

a

omax = OA=0C -BC
=80-52

26



a_,,.z\in.(s MPa/ x

\ 0. = 48.4 MPa

o (MPa)

o : (< aft ot ¢ =180° - 60°—-67.4° =52.6°
ress components arter rotation & = OK = OC — KC =80 — 52¢0s52.6°

by 30° —0OL=0C+CL = 0
: , , . oy =0L=0C +CL =80+52c0s52.6
Points X’ and Y’ on Mohr’s circle , . ]
Tyy = KX'=528In52.6
that correspond to stress
components on the rotated oy =+48.4MPa
element are obtained by rotating oy =+111.6MPa
XY counterclockwise through 60°  [ryy =41.3MPa

27



3-D Cauchy’s Relation

v * Consider the general 3D state of stress at a
point and the transformation of stress from
element rotation

» State of stress at Q defined by:
Ox,0y,07,Txy Tyz Tzx
0 * e Consider tetrahedron with face
perpendicular to the line QN with direction
cosines:
| /-\' A, =
Y ||n|| ||X||

A e Cauchy’s relation:
0= Z Fx tXAA - O-XXAMX + TYXAMV + TZXAMZ
0 B Z = — tyAA = TxyAMX + GWAMy + szAMZ
= y t,AA=17,AAL +1,AAL, +0,AAL,

t=n-oc=0o-n )8

Yy

B Aa

= cos (M, X)




3-D Cauchy’s Relation

e Determine the normal and
shearing stresses on the

{=c-N=0n=>

(O-x _O-) z-xy Tox ]
~ element in the X, y, and z
Ty (o,-0) 7, |=0= _ _ _
direction of a given reference;
T, T, (o,-0)
(3 y * Calculate the three stress
o' -o'(o,+0,+0,) . :
: S, Invariants;
+ol(o,0,+00,+0,0, -7, —T, —T, : :
< ' 2y v % 1+ Solve the cubic equation for
(00,0, + 2047 Ty =0, =0 Tu = %y) | its three roots (principal
=0 ) stresses);
3 2 . .
=0 =l +l,0-1,=0 « Substitute the roots back into

original characteristic
equation to solve for the
principal directions.

1, I,, and I; are known as stress invariants as they are independent

of coordinate choices. s



Sample Problem

* For the state of 3-D stress shown, determine the principal stresses
and principal directions. (20 10 0]

« Solution 1. Principal stresses o 1(? 200 200
l,=0,+0,+0,=20+20+20=60 - B
|,=0,0,+0,0,+0,0, —12 —12 —72 =400+ 400+400-100=1100
l,=00,0,+27,,7,7, - eryz - O'yZ'ZX - O'ZTXy = 8000 - 2000 = 6000
= 0°—600° +11000 — 6000 = (o - 20)(c* — 405 +300) =0
= (6—30)(6— 20)(6—10) ~ 0
= 0, =30;0, =20;0, =10

2. Principal directions

— 1 3 4

20-c 10 0 T(n) [0
10 20-¢ 0 [{n,t={0!
0 0 20-o||n,| |O

30



Stress Transformation of General 3-D Stresses

Y|
caae N « Consider the conditions for
/_\\ equilibrium of the tetrahedron
7, AAN, generated from an oblique plane
EE with the elemental volume.

* The requirement 2 F, =0 leads to

X

0O

an = O, AA — (U.\ AA A.t)A.\ - (T.\'\' AA A.I)A\' e (T.\': AA /\.\)'\:
—(TAA A)A, — (0, AA A)A, — (1, AA A)A,
—(7,AA A )A, — (T, AA L)X, — (0. AAA)A. =0

=0, =0 A’ + Gylf +o, A +2r, A A, + 2t A A, +21, A4

Xy’ x” "y x” 27X

31



Stress Transformation of General 3-D Stresses

S e Ay A
n ;tnx ﬂ’ny ﬁ“nz " Y "
O l l l [a]: ﬂ“OX ﬂ“oy ﬂ’oz
() oy 0z
p A A, A, e Ao
_ﬂ“nx ﬂ“ny ﬂ“nz I GX Txy TXZ ) _ﬂ’nx ﬂ'OX
[o]=[a]lolla] =| Z Ay o |7y Oy T |[ Ay Ay
_/Ipx ﬂ“py ﬂ“pz | _sz Tyz O-z | _/Inz ﬁ“oz

» Too complicated to find the principal stress states
through stress transformation...

o

pPX

N

Py

o

pz

32




Application of Mohr’s Circle in 3-D

T b
/
Tmax
& B A l 01 0,
5 - A I
| / & -
//
Omin /
\/\\ ; O
3 \
Omax

 Points A, B, and C represent the < The three circles represent the
principal stresses on the principal normal and shearing stresses
planes (shearing stress is zero) for rotation around each
principal axis.

 Radius of the largest circle yields the maximum shearing stress.

1
Tmax = E‘Gmax ~Omin ‘
33



Sample Problem

» For the state of 3-D stress shown below, determine the principal
stresses and maximum shearing stress.

« Solution
1. Summarize the 3-D stress state. Y 20MPa

(40 20 0 ]

[c]=|-20 -20 O

|0 0 -30 40MPa
2. Find the two principal stresses in x-y plane. X
0| _40-20 |(40+20 2+202 (46 MPa 20MPa
o 2 7 “ |26 MPa/;  30MPa

3. Rearrange the three principal stresses.

o, =46 MPa, o, =—-26 MPa, o, =-30 MPa

4. Find the maximum shearing stress.

. 61203 _ 46—;—30) _ 38 MPa

T
34



Generalized Hooke’s Law

e For a bar under uniaxial tension:
e Axial strain:e =G, =

« Transverse strain: &’ = —vg = — V%

Uniaxial stress along x:|| Alongy:
(o)

y




Generalized Hooke’s Law

1
gX_GX VO'y VO-Z:( +V)O'X—K(GX+Uy+GZ)
E E E E E
o o o (V) v
y_Ey_VE_V Sl O'y—E(O'X-l-O'y-I-O'Z)
1
g =2z %y 2 :( +V)O'Z—K(O'X+O' +0'Z)
E E E E E Y
Shearing Stresses
Shearing stress around z: Around x: Around y:
Ty =Gy, 7, =Gy, 7, =Gy,
y y




The Relation among E, vand G

a b
Y i
~ Fd

rd
d c
h >

Lyg = h\/§(1+5)

T_ 7
2

L5, =h®+h*—2h*cos(z/2+y)=2h*(1+siny)
~2h*(1+y)=2h*(1+7/G)

e =20 (1+ ¢)’ ~2h? (14 2¢) ; N s
:2h2<1+2(1+v) 0} [T N
. F /
= 2h2 9 1+2(1J|;V) T} fr/’ Jma:=/q— Tnin = =7
oG Only two of the three elastic
=[E=26(1+v) constants are independent. 37




Sample Problem

Y

A circle of diameterd =9 in. Is
scribed on an unstressed aluminum
/4\151“ plate of thickness t = 3/4 in.
Forces acting in the plane of the
« Pplate later cause normal stresses o,
2 s 7, =12 ksi and o, = 20 ksi.

For E = 10x10° psi and v = 1/3,
determine the change in:

a) the length of diameter AB,
b)the length of diameter CD,
c) the thickness of the plate, and

d) the volume of the plate.

38



SOLUTION: « Evaluate the deformation components.

» Apply the generalized Hooke’s Law to

| 5g/a = &xd = [+ 0533x1073in in. J9in.)
find the three components of normal

strain. Sg/a =+4.8x10"%in.
g =+ ox Yoy Vo, Sc/p = &,d = [+1.600x103in in. J9in.)
E E E
Sc/p = +14.4x1073in.
__ ! ; {(12ksi)—0—1(20ksi)} :
10x10°psi 3

5 = &yt = (-1.067x10 %in/in. |0.75in)

— +0.533x103in.in.

S, =—0.800x103in.

_ V5x+0y VO,

g . ;
y E E E « Find the change in volume
— _1.067x103inJ/in. e=gyteyté; = 1.067x1073in%/in®
vo, VOy oy AV =eV =1.067x10">(15x15x0.75)in°
£, =— . +
E B E AV = +0.187in°

_ —-3: . /i
=+1.600x10 "in./in. 29



Sample Problem

» For the bar shown, find the change in length of line segment BC
and in right angle ABC. Assume the Young’s modulus and
Poisson’s ratio as E and v respectively:.

« Solution A C
1. Stress state in reference A F h
coordinate system 60° 300
b
o, = F/bh B
- 0]
All other stress components vanish. \Ci20 - T30
- . 0 0]
2. Stress state In transformed coordinates: P S
o,+o, O0,—0, : 3 "
0,0 =0y = > + > C0s20+7,,SIN20 =70,
Ox Oy 3 \
Ty =Ty =~ > Sin 20 +z,,€C0s20 = - 0,
o,+o0, O0,—0, _ 1
OLp =0y = R c0s20 -z, ,sIn20 =30,

40



3. Longitudinal strain along BC
1

3-v (3—V)F
S S Tl

4. The change in length of BC

(3—v)F
Algg = &30 Xlge = 2hey ===
5. The change in right angle ABC
T _$o/ V3(+v) N3 (L+v)F
= 30 — _ =

G 2(1+v) 2E 2 bhE

41



Fiber-reinforced Composites (Anisotropy)

[.0ad

r,
./’ ~

Layer ot ~

terial A
mnmateria oy
/\\\\ . b e
S ) ,._:",}ﬂ

a.

™~

' L
~L 'I

Fibers

A5 4

X

 Fiber-reinforced composite materials are formed

from lamina of fibers of graphite, glass, or
polymers embedded in a resin matrix.

Normal stresses and strains are related by Hooke’s
Law but with directionally dependent moduli of
elasticity,
o
E, _%x Ey __ Y E, _9%z
Ex Ey &7

 Transverse contractions are related by directionally

dependent values of Poisson’s ratio, e.g.,

&
y €7

Ex Ex

Vyxz =

 Materials with directionally dependent mechanical

properties are anisotropic.

42



Strain Energy under Generalized Stress States

0%, 4 | Ty
Noal\acar [ynear
elastic elastic

L

H/J A

1

/)
;

T~

\.\] |
- ) Us \: o
|
:’ %I
E\I X{
\ _ ) . / \x ! o
iy Ed €y E
» Strain energy density of non- e Strain energy density of
linearly elastic material under linearly elastic material
uniaxial stress state under uniaxial stress state

1
du=od¢ u:Eag

43



Strain Energy under Generalized Stress States

e Strain energy density of non- « Strain energy density of
linearly elastic material under linearly elastic material under
generalized 3-D stress states generalized 3-D stress states

du =oydg; 1| 0.8, +0,8, +0,8,
— degx + Gydgy + szgz 2 +Z-xyj/xy +Tyz7/yz +sz)/zx
+rxyd Y T ryzd Yy t 7, dy,. 1 (02+0,2+0,2-

y 2E 2V(GXGy +0,0, -I—O'ZO'X)

1 2 2 2
+—2(3 (Txy +7,° +17,, )

44



Volume Strain, Mean Stress and Bulk Modulus

 Volume strain y
V, = dxdydz
V, =dx(L+e&,)dy(1+¢,)dz(1+¢,)

= dxdydz [1+ £ +E,+E+ 0(32)}

_UY, g +E +E, = (1-2v)

dy

= &, (GX+O'y+(TZ)

0 dx
VA

 For a given stress state, If no volume change happen, the first
Invariant of the stress tensor must be zero.
o,+o,+0,=0
« Bulk modulus can be defined as the ratio between mean stress and
volume strain
E

K=0c_/s&, I(GX+Gy+GZ)/3€V = 30-2) (0<v<Y2)

45



Volumetric & Distortion Energy Density

U=u, +U, (a) Mean stress (b) Deviatoric stress
tensor tensor

 \olumetric energy density:
1 3(1-2v) , (1-2v)

U, :Eo-mgv = o, =

2E " 6E
 Distortion energy density:
(1+v) 1

u, = oE |:((7X—0y)2+(6y—0'z)2+(62—GX)2}+£(TXy2+TyZZ+TZX2)
46
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